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M2-branes, 3-Lie algebras and Plicker relations
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ABSTRACT: We find that the structure constants 4-form of a metric 3-Lie algebra is the
sum of the volume forms of orthogonal 4-planes proving a conjecture in math/0211170. In
particular, there is no metric 3-Lie algebra associated to a u(N) Lie algebra for N > 2.
We examine the implication of this result on the existence of a multiple M2-brane theory
based on metric 3-Lie algebras.
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1. Introduction

The Jacobi identity of a metric 3-Lie algebra, aj), is
FH[ABCFHD}EMZOa ABC,---=0,...,n—1 (1.1)

where F' are the structure constants and n is the dimension of af , respectively. Com-
patibility with a metric requires that the structure constants F' are skew-symmetric in all
indices!. The generalization of ([[.1)) to metric k-Lie algebras is apparent. In particular for
k =2, ([.T) becomes the Jacobi identity of a standard metric Lie algebra.

Apart from the interpretation of ([[.1]) as a Jacobi identity for a 3-Lie algebra, it can
also be thought of as a generalized Pliicker relation. The latter interpretation for the anal-
ogous relation for 4-Lie algebras has been instrumental for the classification of maximally
supersymmetric backgrounds in IIB supergravity [[[J. Moreover, it was conjectured? in
that the only solutions to Jacobi identity are those for which F' is the sum of the volume
forms of orthogonal (k+1)-planes. This was verified for all metric 3-Lie algebras and metric
4-Lie algebras up to and including dimensions 8 and 10, respectively.

More recently, a theory was proposed by Bagger and Lambert [[] for multiple M2-
branes based on metric 3-Lie algebras. Later it was supersymmetrized by Gustavsson
in [, see also [f§]. This followed earlier attempts to construct superconformal N' = 8
Chern-Simons [f] and multiple M2-brane theories [[f]. The relation of the multiple M2-
branes theory to the maximally supersymmetric gauge theory which describes multiple
D2-branes has been investigated in [§—[LT] and some other aspects have been examined
in [[J-[7. Despite the progress that has been made towards understanding the proposed

!'We raise and lower indices using the compatible metric. Since there is a metric, we do not distinguish
between a vector space and its dual.

2In the published version of [E] a weaker statement for this conjecture has appeared. The conjecture in
this form can be found in the first version of [E], page 3, see arXiv.



multiple M2-brane theory based on metric 3-Lie algebras, there are no known solutions
other than those given in [f], see also [[L§.

The main result of this paper is to prove the conjecture of [f] for metric 3-Lie algebras,
ie the structure constants of a metric 3-Lie algebra, a3 with Euclidean signature3, can be
written as

F=> pdvol(V,), V.Capy (1.2)

where the 4-planes V, and V,. are mutually orthogonal for r # r' and u" are constants.
This conjecture for metric 3-Lie algebras has also appeared more recently in [{, [[§, [[7].

To prove our result, first observe that given a vector X in aj3), one can associate a
metric Lie algebra ajg(X) to af3 defined as the orthogonal complement of X in a3 with
structure constants ix F. It is easy to verify that i x F satisfy the Jacobi identity using ([.1)).
Then we demonstrate the following two statements:

e If af3; admits an associated Lie algebra ajy)(X) and ajg(X) does not have a bi-invariant
4-form, then F' is volume form of a 4-plane.

e If all the associated metric Lie algebras of af) are aj(X) = ofu(1) @ ss, for some
£ > 0, where ss is a semi-simple Lie algebra which commutes with @gu(l), then F is

as in ([.9).

We complete the proof by showing that all metric Lie algebras are isomorphic to ®©‘u(1)®ss
in appendix A.

This paper is organized as follows. In section two, we give the proof of the first
statement. In section 3, we give the proof of the second statement and in section 4, we
examine the applications of our results in the context of multiple M2-branes. In appendix
A, we demonstrate that all metric Lie algebras are isomorphic to @‘u(1) @ ss.

2. 3-Lie algebras and invariant 4-forms

The Jacobi identity of metric k-Lie algebras is an over-constrained quadratic equation for
the structure constants F. In particular, it is easy to see that the ratio of the number
of relations given by the Jacobi identity to the number of components of the structure
constants F grows as n*~! for large n. In particular, it grows linearly for Lie algebras and
quadratically for 3-Lie algebras. So it is clear that the structure constants of k-Lie algebras
for £ > 2 are more restricted than those of standard Lie algebras.

To prove the first statement in the introduction, without loss of generality, take the
vector field X to be along the 0 direction. Then split the indices as A = (0,), B = (0, )
and so on, with 4,4,---=1,...,n — 1. Setting A = M = 0 and the rest of the free indices
in the range 1,...,n — 1 in ([L.1]), it is easy to see that

fijk = Foijk (2.1)

3In what follows, we assume that the metric on a3 is Euclidean unless it is explicitly stated otherwise.



satisfy the Jacobi identity of standard Lie algebras and f are the structure constants of
aj)(X). Thus we have written F' as

1 . . 1 ; ;
F = gfijk O Net Ned Aek + Z@jkl e nel Nt e (2:2)

where (e, e), i =1,...,n — 1, is an orthonormal basis.
Next set M = 0 and the rest of the free indices in the range 1,...,n—1in ([.1)). Using
the skew-symmetry of F', one finds that

Onjijif " qe =0 (2.3)

This implies that the 4-form ¢ is bi-invariant with respect to ajy(X). Since by assumption
such form cannot exist, we conclude that ¢ = 0. Thus, we find so far that

1 o
F= gfijkeo ANePAel Al (2.4)
Next taking all free indices in ([[.1)) in the range 1,...,n — 1, we find that

JiijkSnjae =0 . (2.5)

This is the classical Pliicker relation which implies that f is a simple* form. Thus one
concludes that the only solution to ([.]) is

F=pe®Aet A AeP, (2.6)

for some constant p, where we have chosen the four 1-forms, without loss of generality, to
lie in the first four directions. This proves the first statement of the paper.

The assumption that ajg(X) does not admit a bi-invariant 4-form is not very strong.
To see this, it is known that bi-invariant forms on the Lie algebra of a group give rise to
parallel forms with respect to the Levi-Civita connection on the associated simply connected
group manifold. So if ajy(X) admits a bi-invariant 4-form, the associated group manifold
G admits a parallel 4-form which is necessarily harmonic. So for compact Lie groups,
parallel 4-forms represent non-trivial classes in the 4-th deRham cohomology of G. Thus
if a compact Lie group admits a parallel 4-form, then HQLR(G) # 0. However for a large
class of Lie groups, which includes all semi-simple ones, HQLR(G) = 0. Thus we conclude
that if an associated Lie algebra ajy(X) to ajg is semi-simple, then the assumption of the
first statement in the introduction is satisfied and the only solution is as in (P.6).

3. 3-Lie algebras and Lie algebras

To proceed to prove the second statement, first observe that we have already demonstrated
the result for £ = 0 at the end of the previous section. Next, let us consider the case that
for some X the associated Lie algebra is

aj] (X)=u(l) ®ss . (3.1)

4The term “simple” is used in two different ways. In the context of Lie algebras it means the usual
simple Lie algebras like su and so. In the context of forms it is used in the Pliicker sense, ie a p-form is
simple iff it is the wedge product of p 1-forms, see eg @]



In such as case, Hj (G) # 0 and there are bi-invariant 4-forms on ap(X). Such bi-invariant
4-forms are of the type

1
dp=e"Thp= g‘ﬂaﬁv IAeC AP N, a,B,y=1,...,n—2, (3.2)
where ¢ is a bi-invariant form on the semi-simple part ss of ap(X). Without loss of
generality, we have chosen the u(1) direction along e”~!. Thus so far we have

1 1 _
F:ifameOAeaAeﬁAe“rg%m A A AT (3.3)

Since ¢ is a bi-invariant 3-form on a semi-simple Lie algebra, ¢ is a linear combination
of the structure constants f, of the simple Lie algebras® in ss = @"s,. Thus F can be
rewritten as

F=> (e +ve" YA fr, (3.4)

where p” # 0 and v" are some constants.

Next using that f, and f,, for r # ¢/, are mutually orthogonal, the Jacobi identity ([.1)
implies that p”e® + v"e" ! and p”'e® + "' e"~! are mutually orthogonal as well. This can
be easily seen by setting A, B, C to take values in the s, and D, F, M to take values in the
s~ component of ss, respectively. Moreover applying the Jacobi ([L.) for the same simple
component, ie allowing all A, B,C, D, E, M to take values in the same simple component
sy, one finds that f, satisfies the standard Pliicker relation, as in (.§), and so f, must be
a simple 3-form. In conclusion, F' is the sum of volume forms of at most two orthogonal

4-planes, ie without loss of generality, it can be written as
F=pue®nelne?ned+vetnedneb e, (3.5)

where p and v are constants.
This can be extended to metric 3-Lie algebras for which all associated Lie algebras are

ap(X) =u(l) &ss, £>1. (3.6)

To begin write ' = ¢ A f + ¢ as in (R.9), where f are the structure constants of ss
and ¢ satisfies (R.J). Since semi-simple Lie algebras do not admit bi-invariant 1-, 2- and

4-forms, see eg [R0], and @©‘u(1) commutes with ss, the most general invariant 4-form ¢
which satisfies (R.3) is

o= p' Ner+¢, (3.7)
I

where p! are the 1-forms along the @‘u(1) directions, ¢ are bi-invariant 3-forms of ss and
¢ is a 4-form along the ®‘u(1) directions.

SEvery semi-simple Lie algebra decomposes into an orthogonal sum of simple Lie algebras, ss = ®"s,
with respect to the bi-invariant inner product, such that [s,,s,.] = 0 for r # 7'



Since the bi-invariant 3-forms of semi-simple Lie algebras are linear combinations of
those associated with the structure constants of the simple components s,, we have

er=vr fr. (3.8)
So F' can be rewritten as
F=> o"Nf+E, (3.9)
T
for some constants " # 0 and v;", where
o = pu"e’ + Z vipl . (3.10)
I

Using that f,. and f,, for r # 7/, are mutually orthogonal, the Jacobi identity ([[.T)) implies
that 0" and 0" are mutually orthogonal as well. Thus there is an orthogonal transformation
in @‘u(1) such that F can be written, without loss of generality, as

F=Y A€ Nfr+tE, (3.11)

for some constants \,, where e” belong to an orthonormal basis in the @‘u(1) directions,
ie in particular ¢ L e for r # v’ and i.r fs = 0 for all r and s. As in previous cases,
allowing all indices A, B,C, D, E, M of ([[.1)) to take values in the same simple component
sy, one finds that f, satisfies the standard Pliicker relation, (R.), and so f, must be a
simple 3-form. Thus the component of F orthogonal to ¢ is as in ([L.9).

Furthermore, using the orthogonality of f, and ¢ and the Jacobi identity ([L.1), one
finds that

ier =0 (3.12)

This can be easily seen from ([[.1)) by setting A, B, C to take values in the s, and D, E, M
to take values in the @u(1). A consequence of (B.13J) is that the 4-form ¢ on @‘u(1)
satisfies ([[1)), ie @%u(1) is also a metric 3-Lie algebra, b3}, with structure constants §. Since
the dimension of bpz C ajg) is strictly less than that of the original metric 3-Lie algebra
ajz), the analysis can be repeated and it will terminate after a finite number of steps. To
summarize, we have demonstrated ([[.3) under the assumption that all the associated Lie
algebras ap)(X) of afs) are isomorphic to @&‘u(1) @ ss.

To prove the conjecture in for metric 3-Lie algebras, it remains to show that all
metric Lie algebras are isomorphic to @gu(l) @ ss. This is done in appendix A and so we

establish ([L.9).

4. Multiple M2-branes

Some of the results we have presented for metric 3-Lie algebras can be extended to metric
k-Lie algebras for k > 3. This together with the n*~! growth of relations on the structure



constants mentioned in section 2, strengthens the conjecture in [P]. In particular, it looks
likely that the structure constants of metric k-Lie algebras are sums of volume forms of
orthogonal (k + 1)-planes. Though there is not a proof for this for £ > 3. Our result
also relies on the existence of a Euclidean inner product on the 3-Lie algebras. Thus the
Lorentzian signature case has to be examined separately. As it has already been mentioned
in [B], it is unlikely that ([[.9) holds for other signatures.

A consistency condition for the validity of a multiple M2-brane theory for N > 2 is the
derivation from it of the maximally supersymmetric gauge theory in 3-dimensions which
describes N coincident D2-branes. The gauge group of the latter for D2-branes in flat space
is U(V). Our result demonstrates that the expected U(IN) gauge group cannot be recovered
from a metric 3-Lie algebra for NV > 2. This in particular includes the identification of the
gauge group U(N) in a metric 3-Lie algebra as in eg [§—[[(]. So the consistency check on
the multiple M2-brane theory with that of D2-branes cannot be met for N > 2. In fact
our result excludes all other possibilities for other gauge groups apart from x*SU(2).

The above results clearly indicate that some of the assumptions must be weakened.
This has already been anticipated by Gran, Nilsson and Petersson in [[I]] where they
considered a theory of multiple M2-branes using an F' which is not skew-symmetric. From
this theory one can consistently derive the effective theory of N coincident D2-branes.
However, this multiple M2-brane theory is not described by an action. The dynamics
of the theory is given in terms of field equations. Though one may be able to define a
Hamiltonian and so quantize the theory. Alternatively, one can consider multiple M2-
brane theories based on Lorentzian metric 3-Lie algebras. Again, it is not apparent that
such a choice will lead to a consistent theory. First, the possibility remains open that
F may again be written as ([.J). Some partial results in [f] indicate this. In addition,
the Hamiltonian of the theory will be unbounded from below which in turn may lead to
difficulties with the particle physics interpretation of the theory.
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A. Metric Lie algebras

It is known that any Lie algebra g, which is not semi-simple, contains an invariant (normal)
solvable subalgebra, v, called the radical, such that g/t is semi-simple, see eg [RI] page 234.
This follows from the definition of semi-simple Lie algebras. Now assume that g admits a
Euclidean invariant metric B. In such case, one can define the semi-simple algebra ss as
the orthogonal complement of ¢ in g. Using this and the invariance property of B which
schematically can be written as

B((g,9l,9) + B(g,[g,8]) =0, (A.1)
one finds that

[s5,65] Css, [s5,t] Cv, [, Cr. (A.2)



So to prove the statement, we have first to show that for metric Lie algebras g, t is abelian.
From the definition of solvable algebras there is an n such that t™ is an abelian Lie algebra,
where t'T! = [t/ ¢!] and t* = v. The metric B restricted on t and t" is not degenerate.
Since t" abelian, it is easy to see that

B([t",t"],«" 1) + B(™, [¢",«" 1)) = B, i, " 1]) = 0. (A.3)

So if [t"~1,t"] # {0}, it is orthogonal to the whole of t™. But [t"~! t"] C " and since the
metric is not degenerate, one concludes that [¢"~!,t"] = 0. Similarly

B([e" 1", ") + B, ko) = B, L)) = 0. (A4)

But [t"~1t"71] = t* # {0}. Since the metric is not degenerate, one concludes that
[t"~1 71 = 0. Therefore t"~! is also abelian and so t"~! = t™. Continuing in this way,
one can show that t = t” is abelian. So without loss of generality, we can write t = &fu(1).

It remains to show that [ss,t] = 0. This follows again from the invariance of the metric.
Indeed

B([t,ss],t) + B(ss, [t,t]) = B([t,ss],t) =0, (A.5)

using that v is abelian. Thus if [v,ss] # {0}, the subspace [t,ss] of ¢ is orthogonal to the
whole t. Since the metric is non-degenerate, one again concludes that [v,ss] = 0. Thus all
metric Lie algebras can be written as @‘u(1) ® ss with ss to commute with &fu(1).
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